Abstract. We first present a survey about recent results on biconservative hypersurfaces in the Minkowski space E 4 1 , pseudo-Euclidean space E 5 2 and Rieamnnian space-form H 4 . Then we obtain some geometrical properties of these hypersurface families concerning their mean curvature and Gauss map.
Introduction
Let φ : M → N be a smooth mapping between two Riemannian manifolds (M n , g), (N m ,g) and suppose that its tension field is denoted by τ (φ). Then, φ is said to be biharmonic if it is a critical point of the bienergy functional
In [9], Jiang proved that φ is biharmonic if and only if it satisfies the system of fourth order elliptic partial differential equations given by τ 2 (φ) = 0, where τ 2 (φ) = ∆τ (φ) − trR(dφ, τ (φ))dφ is the bitension field. If φ : M → N is a biharmonic isometric immersion, then M is said to be a biharmonic submanifold of N . As a generalization of biharmonic submanifolds, the following definition was given. Definition 1.1. A submanifold M of N is said to be biconservative if the isometric immersion φ : M → N satisfies τ 2 (φ) ⊤ = 0, where τ 2 (φ) ⊤ denotes the tangential part of τ 2 (φ).
Before we proceed, we state the following proposition (see [2, 8, In this paper, we give a short survey of biconservative surfaces on pseudoRiemannian space-forms E . Then, we study some of geometrical properties of these hypersurface families considering their Gauss map and mean curvature. The organization of this paper is as following. In Section 2, we first describe some of the basic facts. In Section 3, we present explicit parametrization of biconservative hypersurfaces obtained in [7, 13, 14] . In Section 4, we obtain some new results of biconservative hypersurfaces in Minkowski spaces. In Section 5, we get some classification results considering Gauss map of hypersurface families presented in Section 3.
Preliminaries
Let E m t denote the semi-Euclidean m-space with the canonical semi-Euclidean metric tensor of index t given bỹ
Pseudo-Riemannian space-forms are defined by
For the particular case t = 1 and r = 1, we put H n 0 (−1) = H n which is called the anti-de Sitter space-time when n = 4.
Consider an n-dimensional semi-Riemannian submanifold M of the pseudoEuclidean space E m t . We denote the Levi-Civita connections of E m t and M by ∇ and ∇, respectively. Note that the Gauss and Weingarten formulas are given by
respectively, for all tangent vectors fields X, Y and normal vector fields ζ, where h, ∇ ⊥ and A denote the second fundamental form, the normal connection and the shape operator of M , respectively. The Gauss and Codazzi equations are given, respectively, by
where R is the curvature tensor associated with connection ∇ and∇h is defined by 
Gauss map of hypersurfaces in semi-

Recent classifications of biconservative hypersurfaces
In this section, we would like to present some recent results on biconservative hypersurfaces.
3.1.
Biconservative hypersurfaces in the Minkowski space E 4 1 . In [7] , the author and Yu Fu considered biconservative hypersurfaces in the Minkowski 4-space with diagonalizable shape operator. They obtained the following results.
Then, M is biconservative if and only if either M is Riemannian and
or it is Lorentzian and
where c 1 = 0 and s 0 are some constants. 
(5) A Lorentzian surface with the parametrization given in (3.2) for a function
(6) A Rimennian surface given by
Recently, Kumari studied biconservative hypersurfaces with nondiagonalizable shape operator and obtain the following result, [10] . 
Biconservative hypersurfaces in the pseudo-Euclidean space
In [14] , the author and Upadhyay studied biconservative hypersurfaces with index 2 in the pseudo-Euclidean space E 
for some nonvanishing smooth functions k 1 , k 2 , k 4 . Then, it is congruent to one of the following eight type of hypersurfaces for some smooth functions φ 1 = φ 1 (s) and
for a nonzero constants a and a smooth function ψ = ψ(s) such that
for a nonzero constants a and a smooth function ψ = ψ(s) such that 1 + 2ψ ′ < 0.
Biconservative hypersurfaces in the Riemannian space-form H
4 . In this subsection, we want to announce the biconservative hypersurfaces in H 4 that was recently obtained in a joint work with Upadhyay in [13] .
If M is a hypersurface in a 4-dimensional Riemannian space-form, then it is biconservative if and only if the equation
is satisfied, where S is the shape operator of M . given by
for a smooth nonvanishing function A. We would like to note that if A is chosen properly then the hypersurface given by (3.5) satisfies (3.4). given by
+ a s for a smooth nonvanishing function A. A direct computation yields that M has two distinct principle curvatures. Furthermore, if A is chosen properly then the hypersurface given by (3.6) satisfies (3.4).
Biconservative hypersurfaces in Minkowski spaces
In this section, we get new classifications of biconservative hypersurfaces in Minkowski spaces. Note that a hypersurface in the Minkowski space E n+1 is biconservative if and only if the differential equation
is satisfied, where ε = N, N .
4.1.
A classification of biconservative hypersurfaces with more than 3 distinct principle curvatures. In this subsection, we construct an example of biconservative hypersurfaces with arbitrary number of distinct principle curvatures.
We put by a 1 · a 2 = i a 1i a 2i , where
given by
for a smooth function φ, where t = (t 1 , t 2 , . . . , t n−1 ), a = (a 1 , a 2 , a 3 , . . . , a n−1 ) for some constants a 1 = 0, a 2 , . . . , a n . Note that
form an orthonormal frame field and the normal vector field of M is
where we put ε = e 1 , e 1 . A direct computation yields that the matrix representation of the shape operator of M is
Note that the tangent vector fields ∂ s is proportional to ∇H and it is a principle direction of M . Therefore, M is biconservative if and only if −2εk 1 = nH = k 1 + k 2 + · · · + k n because of (4.1). Hence, M is biconservative if and only if either ǫ = 1 and By  considering (4.3) , we obtain the following result. 
for a constant c 2 = 0, s 0 .
A characterization of biconservative hypersurfaces with nondiagonalizable shape operator.
In this subsection, we give a characterization of biconservative hypersurfaces in E n+1 with nondiagonalizable shape operator S. We focus on the case of having minimal polynomial of
We would like to note that in this case M is Lorentzian. Thus, (4.1) becomes 
for some smooth function k 1 , k 2 . Furthermore, the results obtained in [12] yields that ∇H can not be light-like. Therefore, (4.1) implies that e 1 = ∇H ∇H,∇H 1/2 is an eigenvector of S with corresponding eigenvalue k 1 = −3H/2, where H is the mean curvature of M and we have X(H) = 0 whenever X, e 1 = 0. Moreover, because of (4.4), if a frame field {e 1 , e 2 , e 3 } with e 1 , e 1 = 1, e a , e b = δ ab − 1, e 1 , e a = 0, a, b = 2, 3 is chosen properly, then the matrix representation of S becomes as given in (4.7) (See [11] ), where H is the mean curvature of M . Note that we have e 2 (H) = e 3 (H) = 0.
The Levi-Civita connection ∇ of M satisfies
∇ ei e 2 = −ω 12 (e i )e 1 − ω 23 (e i )e 2 , (4.8)
where we put ω ij (e k ) = ∇ e k e i , e j .
We apply the Codazzi equation (2.2) for X = e i , Y = e j , Z = e k for X = e i , Y = e j , Z = e k for different choices of (i, j, k) and combine equations obtained with (4.8) to get (4.9) ω 12 (e 1 ) = ω 13 (e 1 ) = 0, ω 23 (e 2 ) = ω 12 (e 2 ) = 0,
By combining (4.9) with (4.8), we obtain (4.5) for A = ω 13 (e 3 ) and B = ω 23 (e 3 ). Next, by taking into account (4.5), we use Gauss equation (2.1) for X = e i , Y = e j , Z = e k for different triplets of (i, j, k) to get (4.6).
Remark 4.1. We would like to note that obtaining hypersurfaces given in Theorem 4.2 is still an open problem. However, it was proved in [1] that there is no biharmonic hypersurface in the Minkowski space-time E 4 1 with nondiagonalizable shape operator. In this section, we consider some of hypersurface families mentioned in Section 3. We get some classification results considering their Gauss map and obtain hypersurfaces whose Gauss map N satisfies (2.3). Proof. Let M be a hypersurface in E 4 1 given by (3.2). We put f = f 1 . Note that tangent vector fields given by
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form an orthonormal frame field for the tangent space of M and the unit normal vector field of M is
where we put ε = e 1 , e 1 . By a direct computation, we obtain
for smooth functions A = 1
. Furthermore, the shape operator of M becomes
By considering (5.1), (5.2) and (5.3), we obtain
. Now, in order to prove the necessary condition, we assume that (2.3) is satisfied for a constant vector C and a smooth function ψ. Then, by considering (5.4), we obtain
which yields e a , C = 0, a = 2, 3. By applying e 2 and e 3 to this equation, we get ∇ e2 e 2 , C = ∇ e3 e 3 , C = 0. By considering (5.2), we obtain C = 0. Therefore, (5.5) becomes 3e 1 (H)e 1 + (k
)N = ψN which implies e 1 (H) = 0. Hence, we obtain that H is constant.
Proof of the sufficient condition follows from (5.4).
By a similar way, we also obtain Proof. Let M be a hypersurface given by (3.3) . Then, similar to hypersurfaces given by (3.2), we have
for smooth functions
where
Furthermore, the shape operator of M becomes
By a further computation, we see that (5.4) is satisfied for k 1 , k 2 , k 3 given in (5.6). In order to prove the necessary condition, we use exactly the same way that we did in the proof of Theorem 5.1 and we obtain that if (5.4) is satisfied, then C must be zero. Furthermore, similar to Theorem 5.1, the proof of the sufficient condition follows from (5.4).
Remark 5.1. The author would like to announce that he has recently obtained analogous results for the hypersurface families given in cases (1)- (6) of Theorem 3.3. Now, we want to consider Gauss map of hypersurface family given by (3.1). Let M be a hypersurface given by (3.1) for a constant a and a smooth function φ. We consider the local orthonormal frame field {e 1 , e 2 , e 3 } of the tangent bundle of M such that
and the unit normal vector field of M is
where we put ε = e 1 , e 1 = ±1. We want to note the equation
By a direct computation, we obtain that the Levi-Civita connection satisfies (5.2) for some smooth functions
Furthermore, the shape operator of M becomes 
from which we obtain (5.13)
Since C is constant, we have e a (C) = 0, a = 2, 3. By combining this equation with (5.2) and (5.13), we obtain
e 3 = 0 which yields C 1 + C 4 =0 and e 2 (C 1 ) = e 3 (C 1 ) = 0. Therefore, we obtained (5.11). Now, (5.12) becomes e 1 (s 1 )e 1 + s 2 N = ψ(N + C 1 (s)(e 1 − N )) from which we have e 1 (s 1 ) = ψC 1 (s) and s 2 = ψ(1 − C 1 (s)). By combining these equations, we get (5.10). which gives (5.14).
The proof of the sufficient condition follows from a direct computation.
Remark 5.2. We announce that he have recently generalized the result obtained in the previous theorem by considering hypersurfaces given by (4.2) with pointwise 1-type Gauss map. 
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